Optimum configurations of a finned annulus with longitudinal fins of triangular cross-section have been investigated numerically for the enhancement of overall (hydraulic and thermal) 
Introduction
For promoting heat transfer rate in the thermal systems fins are widely used since long ago in various industrial fields such as petroleum and electronic industries, chemical processes, power plants, nuclear reactors, aerodynamics, etc. Because of their wide range of applicability in different disciplines and rapid increase in energy demand in all over the world, fins have attracted the attention of numerous researchers, and a vast literature has been devoted to their analysis. The use of fins in spite of its sole advantage of promoting heat transfer rate has many demerits in terms of requiring high pumping power, and increasing the weight and cost of the heat exchange system. It is natural to be interested in minimizing all these disadvantages while maximizing the benefit of enhanced heat transfer rate. Therefore, it is very crucial to use the fins judiciously. This poses a multi-objective optimization problem in which the shape and configu- ration of the fins of a particular material are so chosen that maximize the heat transfer rate and minimize the weight, volume and cost of the fins and the pressure drop in the flow direction. The configuration of fins is determined by their number, height, and thickness. A good critical review may be found in [1, 2] on the optimization of extended surfaces.
In literature an inventory of the numerical and experimental work can be found for various types of longitudinally fins augmented internally/externally to the single/double pipes. Such types of finned ducts have been optimized by either optimizing the fin shape for specified geometry parameters [3] [4] [5] , or by finding the optimum values of the configuration parameters for a given fin profile [6] [7] [8] [9] . The detail of categorization of the problems and relevant literature review can be found in [2] . Rahmani et al. [10] presented different aspects of geometrical optimization for compact heat exchangers. For their studied flow they have shown the optimum tube layouts and ranges for the geometry parameters. Wang et al. [11] analyzed computationally the heat transfer and pressure drop performance of internally finned tubes with longitudinal wavy fins. They used Colburn j-factor as the measuring parameter and found that the overall heat transfer coefficient in wavy channel is higher than that in a plain fin channel with a larger loss of pressure drop. While the interrupted wavy fin tube could enhance heat transfer by 72-90%, with more than 2-4 times loss in the pressure drop. The sinusoidal wavy fin has the best area goodness factor among three different wavy fin patterns. Peng et al. [12] investigated the optimal design of plate-fin heat exchangers by using an improved particle swarm optimization algorithm. The thermal performance was measured by the Colburn j-factor. Their results show that the results computed by the proposed particle swarm optimization algorithm in their work are better than those in the preliminary design. The average rate of success is more than 80% which significantly higher. Ma et al. [13] performed the stress of internally finned bayonet tube in a high temperature heat exchanger. They studied the impact of gap between inner tube and inner fin on the stress and heat transfer performances. Their recommendation to the designers was that the inner fin and inner tube should not be welded together. Then Zeng et al. [14] studied the impact of fin different profiles on stress performance of internally finned tubes which are used in a high temperature heat exchanger. They considered three types of fin profiles, namely S-, V-, and Z-shape and found that the Z-shape has the best performance in terms of heat transfer and reliability, and recommended it for engineering application. Again they gave the recommendation for the designers that the inner fin and inner tube should not be welded together. There is need for the optimization of the gap width between the inner fins and the inner tube. The authors [10] [11] [12] [13] [14] used j-factor as the measuring parameter either for the analysis or for the optimization of their studies of different problems of finned surfaces under different flow conditions. However the heat transfer optimization of finned double pipe (FDP) is not a long listed work.
Syed [15] studied the effects of the fin and double pipe dimensions on the heat transfer and pressure loss for laminar convection in the FDP with longitudinal trapezoidal fins attached to the outer surface of the inner pipe. In [16, 17] , the authors evaluated the performance of FDP in the entrance region of the developing flow for various configurations of the finned annulus. In [15] [16] [17] [18] the authors studied the influence of the annulus configuration on the heat transfer coefficient and the pressure loss was studied for only finite sets of values of the configuration parameters. In the present work, we have investigated optimum configurations of the annulus by specifying the lower and upper bounds of the configuration parameters for the triangular fin profile. The surface flow area goodness factor has been employed as an objective function to be maximized in the optimization process. In [7] [8] [9] the authors investigated optimum configurations by considering the Nusselt number as an objective function. A comparison of the optimum configurations based on both of these objective functions has been given.
Problem formulation
Consider steady and laminar flow of viscous and incompressible fluid in the annulus of two concentric circular pipes with longitudinal fins augmented at the outer surface of the inner pipe, (fig. 1 ). The fins are straight, equally spaced, and non-porous with triangular cross-section and are made up of a highly conducting material. The flow is assumed to be fully developed. The thermal boundary conditions of constant heat transfer rate per unit axial length (H1 boundary conditions [19] ) have been employed at the inner pipe of the finned annulus. If the inner pipe wall is assumed to be very thin with negligible thermal resistance, then the temperature variation in the wall fin assembly may be disregarded. Consequently the thermal boundary condition may be applied directly at the solid fluid interface. Further assumptions take the fluid to be Newtonian with constant properties and the flow with negligible viscous dissipation. Figure 2 shows the numerical solution domain in view of the symmetry of the geometry.
Momentum equation
Based on the assumptions, dimensionless form of the momentum equation of our governing the 2-D fluid motion is expressed:
We have non-dimensionalized the previous equation by the following transformations:
Here { } (1/4 ) 1 2 ln and 1d 2 ln(1/ )
The boundary conditions in their dimensionless form may can be expressed: (a) At the solid boundaries I-III in fig. 2 , no-slip conditions ensure that:
(ii) 
Energy equation
Under the assumptions stated earlier regarding the nature of the fluid and that of its flow, convective heat transfer within the finned annulus may be modelled by the energy equation in its dimensionless form:
A represents the free flow cross-sectional area in dimensionless form.
The computational domain shown in fig. 2 in which the energy eq. (4) is to be solved, subject to the following dimensionless boundary conditions. (a) The boundary conditions of constant heat flux ensure that:
Numerical solution
The finite element method (FEM) has been employed by using the MATLAB [20] routines for solving of the governing eqs. (1) and (4) subject to their respective boundary conditions. Adaptive h-refinement has been employed for highly accurate solutions. The FEM formulation of this governing system may be found in [7] .
The adaptive solution has been obtained by employing the following steps: (1) (7) Repeat steps (3-6) until stopping criterion is satisfied. For obtaining the adaptive solution we have applied the following relation for the error estimation (computed for each triangle) given by George [21] : If the error estimate defined previously exceeds from 0.5 then the refinement is made by flagging a triangle. Adaptation process is stopped when improvement in the ( Re) f is less than 0.1%. Here ( Re) f is the product of the Fanning friction factor and the Reynolds number averaged over the circumference of the cross-section. This criterion guarantees achievement of the property of grid independence solution. Moreover, as it is based on the shear stress, it renders appropriate mesh refinement for highly accurate calculation of the large velocity gradients in the boundary layer. Figure 3 (a) shows the most refined mesh for the configuration determined by the parametric values M = 15, H * = 0.5, β = 3°, and ˆ0 .5 = R . Due to very large velocity gradients at the fin-tip, highly refined mesh may be observed around it. Since percentage improvement can be calculated at the second and onward levels, therefore, the curves start from level 2. We note from the figure that ultimately the percentage improvement in ( Re) f and Nu become negligible for all the cases which reflect that the adaptation has been carried out up to the extent that makes the results grid independent. Moreover, for each case, the curves of ( Re) f and Nu overlap at certain grid level which indicates that the percentage improvements in ( Re) f and Nu become ultimately comparable. This is natural in convective heat transfer because the regions of large temperature gradients are also the regions of large velocity gradients with the converse being not necessarily true. Therefore, if the mesh is sufficiently refined to properly resolve the velocity gradients, the temperature gradients are also properly resolved. This is why it is sufficient to impose tolerance condition only on ( Re) f . The tolerance value 0.5 for E(t) has been chosen heuristically through numerical experimentation. Smaller value of tolerance becomes too stringent and results into high computational cost while its large value may not give proper mesh resolution for sufficiently accurate determination of numerical results.
The numerical solution obtained by the previous procedure is employed for the evaluation of the objective function. Therefore, this procedure is invoked every time the optimizer requires the value of the objective function.
Optimization problem and its solution
When we consider the problem of optimizing FDP as a heat exchange system, we face the issue of appropriate choice of an objective function for optimum design of the finned annulus. If the sole objective is to achieve highest transfer coefficient irrespective of the rise in pressure loss, then usually Nusselt number is used as an objective function as has been done in the investigations [7] [8] [9] . However, if available pumping power is limited and pressure drop is of concern, then it is necessary to minimize fractional loss together with the maximization of Nusselt number. This poses a multi-objective optimization problem. However, there is an expression whose optimization involves maximization of Nusselt number and minimization of frictional loss. This is well-known surface flow area goodness factor widely used as a selection criterion for extended surfaces [10] [11] [12] [13] [14] . In the present work we employ this goodness factor to be the objective function and find optimum configuration of FDP. Here configuration means the number of the fins their height of the fin relative to the annular gap, fin-half-angle, and the annular gap of the pipes. Surface flow area goodness factor is defined as the ratio of Colburn j-factor and Fanning friction f and expressed as [22] : 1 3 Nu Pr
where Nu, Pr, and f are, respectively, the Nuesselt number, Prandlt number, and friction factor. The j/f based on the hydraulic diameter and averaged over the cross-section may be expressed:
The average Nusselt numbers, Nu h , and the average product of Fanning friction factor and the Reynolds number, ( Re) h f , may be expressed in its dimensionless form as [3] [4] [5] [6] [7] [8] [9] [15] [16] [17] [18] : Genetic algorithm has been used as an optimizer. It has been implemented by a computer code based on the function ga of MATLAB [20] optimization toolbox. The detailed description and implementation procedure of the optimizer may be found in [7] .
Results and discussion
The numerical solution has been validated by comparing the present results obtained by the FEM with those given in [15] computed by the finite difference method. The comparison is excellent given in tab. 1.
We present our results in two subsections. In the first subsection we present and discuss the optimum configurations investigated in this study. In the second subsection we present performance evaluation of these optimum configurations using various performance measures and selection criteria.
Optimum configurations
In the first step, we investigated optimum values of the parameters which give maximum surface flow area goodness factor (maximum heat transfer rate and minimum frictional loss in the flow direction) ( / ) h j f defined by eq. , and ˆ0 .5 = R become their optimal values while for β, its highest value is the optimal value. This indicates that the optimum configuration is constituted by the smaller number of shorter and thicker fins attached to an inner pipe with very small radius. The reason for β being optimum at its upper bound appears to be that the lateral surface of fin is more effective in promoting the convection rate than the inner pipe surface because of which the optimizer maximizes the fin base angle in order to have maximum lateral surface area. There is in fact trade off between maximum free flow area, minimum heated perimeter and maximum convection (i. e. minimum bulk mean fluid temperature). Although this optimum fin configuration has the highest surface flow area goodness factor but owing to smaller surface area it may fail to fulfil industrial heat duty requirements. In addition, the inner pipe has very small radius that limits its heat carrying capacity and ability to uphold larger number of fins. This necessitates the optimization of ˆ0 .5 = R , H * , and β when M is specified. The fact that the optimum value of ˆ0 .5 = R increases with M is an attractive feature as a larger inner pipe is required to support a large number of fins for structural integrity. The β opt decreases monotonically from its upper to the lower bound as the number fins increases from its smallest to largest value (M = 3 to 30). The ( / ) h j f depicts steep fall for 3 ≤ M ≤ 18 and the fall becomes steady for higher values of M. There is a broader choice for the designer to select any number of fins out of the range 21 ≤ M ≤ 30 for which the surface flow area goodness factor remains almost the same. For the case of specified values of the number of fins we may conclude that, if the number of fins is small then shortest and thickest fins on a narrow inner pipe will give maximum convection rate with minimum pressure loss and if the number of fins is large then shorter and thinner fins on a wider inner pipe will give larger surface flow area goodness factor. The β opt decreases continuously as the number of fins increases. Moreover, if * opt H , ˆo pt R , and β opt are to be used, then there will be no significant change in the surface flow area goodness factor by employing more than 18 fins.
We noted in the results presented in fig. 4 Figure 5 gives the results of ( / ) h j f that have been maximized for specified values of H * and M. This shows that for a specified value of fin height which is not too small, if we go on increasing the number of fins, only largest possible inner pipe will give optimum performance. The increasing trend of ˆo pt R with M is advantageous from the design point of view as for the structural integrity larger inner pipe is required to support a large number of fins.
The β opt decreases with M for all values of H * , the rate of decrease being steeper for smaller values of M and steady for its larger values. The rate of decrease is particularly much steeper for very high fins. Moreover, β opt does not show significant dependence on H * that is not too large. These results are consistent with the physical nature of the problem as the fin thickness must be reduced with increase in the number of fins particularly for very high fins in order to provide sufficient free flow area for maximum convection and minimum pressure loss.
The curves of the surface flow area goodness factor ( / ) h j f vs. M show that, ( / ) h j f is decreasing with M for all values of H * except H * = 0.75 for which it starts rising insignificantly after reaching a minimum value. The optimum configurations for smallest fin height outperform those for other values of the fin height when M ≤ 27. But this fin height may not be practically useful in view of large heat duty requirement. The way ( / ) h j f varies with variation in the fin height depends on the number of fins. For smaller number of fins 3 ≤ M ≤ 6, ( / ) h j f decreases with H * . For M ≥ 6, the curves for larger fin height tend to over-ride those with smaller fin height depicting non-monotonic dependence of ( / ) h j f on H * . However, for 6 ≤ M ≤ 15, variation in ( / ) h j f with H * except H * = 0.05 is not significant. Therefore, any fin height may be chosen for this range of number of fins in view of design, cost and heat duty requirements. For M ≥ 15, the curve of largest fin height tends to over-ride all other curves and ultimately for M ≥ 27, largest fin height outperforms all other heights. This feature is very attractive in the situations where we need to employ very large heat transfer surface area in order to meet high heat duty requirement.
The results of the surface flow area goodness factor indicate that for smaller number of fins, shorter fins will give large surface flow area goodness factor while for large number of fins, higher fins will have to be employed for better performance.
In the present work we have investigated optimum configurations of the finned annulus on the basis of the surface flow area goodness factor, j/f, which takes into account both hydraulic and thermal performance of the optimum configurations. Iqbal et al. [8] studied optimum configurations of the finned annulus on the basis of the Nusselt number which does not take into account their hydraulic performance. It would be interesting for a designer to have a comparison of the thermal and hydraulic performance of the optimum configurations based on both of these objective functions. Table 3 gives percenage change in the fin volume, friction factor, Nusselt number, and surface flow area goodness factor of the present optimum configuration relative to those given in [8] .
Form tab. 3 we note that using ( / ) h j f as an objective function instead of Nu h we obtain reduction in the friction factor/pressure loss from 0.13% to 8.77% accompanied by the reduction in the heat transfer coefficient in the range 0% to 4.51%. Maximum reduction in Table 3 . Percent change in fin volume V, friction factor, Nusselt number, and surface flow area goodness factor of the present optimum configuration relative to those given in [ 
Performance analysis of optimum configurations
In the present work we have investigated optimum configurations of a FDP rendering maximum surface flow area goodness factor. Although this goodness factor takes into account both the hydraulic and thermal performance, yet it is important to present separately the pressure drop and thermal performance analyses of the optimum configurations of the FDP relative to the un-FDP. For the case of specified pumping power, pressure drop in the fully developed region remains constant and is best represented by the Fanning friction factor in the form of its product with the Reynolds number. This product has been defined in eq. (8b).
Thermal performance analysis has been carried out in terms of the Nusselt number in the form its values relative to those for the corresponding un-FDP. Surface flow area goodness factor has also been presented relative to the corresponding un-finned geometry to evaluate the overall all performance of the FDP relative to the un-FDP. Figure 6 presents these relative measures plotted against the number of fins for the corresponding optimum configurations. The results recommend the use of at least 18 fins with corresponding optimum values of the other parameters in order to have trade off between gain in the heat transfer coefficient and loss in the pressure gradient. Figure 7 presents all the relative performance measures for the optimum configurations corresponding to specified values of fin height and number of fins.
We note from the figure that relative friction factor decreases with M for all values of fin height H * except its very small values H * = 0.05, 0.15 for which it shows non-monotonic behavior. These trends are very encouraging in the sense that for a given pumping power the opti- 
Conclusions
We have investigated optimum configurations of the triangular finned annulus of a double pipe for highly conducting wall-fin assembly. The design variables M, ˆ0 .5 = R , H * , and β have been optimized using surface flow area goodness factor as the objective function to be maximized under laminar flow conditions subjected to constant heat flux per unit length and uniform peripheral temperature boundary conditions. The performance of the investigated optimum configurations has been evaluated by the performance measures based on the pressure loss and the heat transfer coefficient. This study leads to the following conclusions. y In the overall optimization, a smaller number of shorter and thicker fins on a very smaller inner pipe radius give maximum surface flow area goodness factor. y For a specified number of fins, if the number of fins is small then shortest and thickest fins on a narrow inner pipe will give high convection rate with minimum pressure loss and if the number of fins is large then shorter and thinner fins on a wider inner pipe will give high surface flow area goodness factor. Moreover, if optimum parameters are to be used then there will be no significant change in the surface flow area goodness factor by employing more than 18 fins. y When the number of fins and fin height both are specified, the results of surface flow area goodness factor indicate that for smaller number of fins, shorter fins will give large ( / ) h j f while for large number of fins, higher fins will have to be employed for better performance. y All the present optimum configurations in comparison with [8] give larger reduction in pressure loss than the corresponding reduction in the heat transfer coefficient for all values of number of the fins except M = 3. For the present objective function we observe gain in the surface flow area goodness factor for all values of M and this gain lies in the range 0.05% to 5.34%. y For a specified number of fins, relative performance measures based on the hydraulic diameter recommend the use of at least 18 fins with corresponding optimum values of the other parameters in order to have trade off between gain in the heat transfer coefficient and loss in the pressure gradient. y The results of the relative surface flow area goodness factor recommend the use of either smaller number of shorter fins or larger number of highest fins. y A designer, by selecting the objective function of interest, may choose an optimum configuration of FDP from the present results in view of the cost, weight, structural integrity of the wall-fin assembly, and the heat duty. The proposed broad spectra of optimum configurations provide an optimum use of energy and handsome saving of cost.
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